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Iterative methods provide an alternative to finding the solutions of equations where analytical
methods are inconvenient or even impossible to use. This study which focuses on cubic
polynomial equation f (t) = at3 + bt2 + ct + d = 0, a > 0 with real coefficients and having an
imaginary root, found that the fixed-point iteration xn+1 = h (xn) where h (t) = 1/3[f (t)/f (t) –
b/a] will always converge to the real part x of the imaginary root of f (t) = 0 whenever b2 –
3ac < 0. The only real root of g(t) = ½ f (t) f (t) – af (t) = 0 was found to be the real part x
of the imaginary root of f (t) = 0 and is always outside the interval formed by the critical
numbers of the function f.
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INTRODUCTION
In numerical analysis, research on iterative
approaches in finding the roots of different types
of equations is highly relevant. It is mostly
conducted and applied in the field of computer
science [7, 9, 18–28]. Thus, most of the iterative
approaches developed have been meant for
encoding into computer algorithms, and not for
solving by hand. This is particularly true when
imaginary roots are desired. Such approaches
employ a method that is complex, involving
numerous tiers of computations to arrive at
answers meeting the desired level of accuracy.
Hence, their use in the typical numerical analysis
lecture is highly limited. This limitation is also
observed when students do not benefit much
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from the current literature inasmuch as
knowledge in programming languages is a
prerequisite. This is the problem that this paper
addresses.
Taking cue from the discovered neglect of
current literature on iterative approaches that
can be conducted by hand or basic computer
software, previous studies revealed that the
current methods are focused on determining the
real roots of a polynomial equation. Likewise, it
uses the approximation of the real root to reduce
the equation further which subsequently allows
the solution of the non-real roots to be found
analytically. Other studies focused on imaginary
roots but the iteration formulas involved are too
complex or impractical to use when calculations
are to be done by hand since computations are
tedious when imaginary numbers are being used
in the iteration process. Though it has been
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established in previous studies [3, 4, 7, 8, 13, 20,
26] that determining a real root becomes a prior
step in finding non-real roots, there has yet to
be an iterative approach that assumes to find
the non-real roots without the aid of information
coming from the estimated real roots. This is
particularly true for cubic polynomials.
In this paper, an alternative iterative approach
to finding the complex roots of cubic polynomial
equations with real coefficients is presented.
Apart from the existing methods, this new
iterative approach finds the non-real roots
independently of the approximated real root
which guarantees greater accuracy.
We begin the approach with the assumption that
imaginary roots of the cubic polynomial
equation with real coefficients exist.

THE ITERATION FUNCTIONS
Fixed-point iteration. Consider the cubic
polynomial equation with real coefficients
f (t) = at3 + bt2 + ct + d = 0, (a > 0)

(1)

Assume that, x + iy, (y 0), is an imaginary root
of (1). Then,
a (x + iy)3 + b(x + iy)2 + c(x + iy) + d = 0
[(ax3 +bx2 + cx + d) – y2(3ax + b)] +
y[(3ax2 + 2bx + c) – ay2]i = 0

Thus, the real part of the imaginary root of (1) is
the fixed point of the function defined by
h (t) = 1/3[f (t)/f (t) – b/a]

It is evident from (3) that at the fixed point x of
the function h, f (x) > 0. Hence, the fixed point
iteration for the real part of the imaginary root of
(1) is
xn+1 = h(xn) = 1/3[f (xn)/f (xn) – b/a], f (xn)  0,
n = 0,1,2,…
(6)

If this iteration converges, by virtue of (3), in
any stage of the iteration process, the
approximations to the imaginary parts of the root
are
yn = ± f (xn)/a

rn = –2xn – b/a

From (5), h(t) = 1/3[1 – f (t) f (t) / [f (t)]2]
At the fixed point x,

2

f (x)/f (x) = f (x)/2a and h(x)
= 1/3[1 – f (x) f  (x)/[f (x)]2]
= –1/3[5 + 2(b2 – 3ac)/af (x)]

(2)

Since y  0, then (2) holds only when f (x) – ay2
= 0 or when
y2 = f (x)/a

h(x) = 1/3 5 + 2(b2 – 3ac)/af (x).

If b2 – 3ac  0, since a > 0 and f (x) > 0, h (x)
= 1/35 + 2(b2 – 3ac)/af (x)  5/3 > 1.

(4)

Hence, the iteration (6) does not converge in
this case. However, if b2 – 3ac < 0, then –2(b2 –
3ac) > 0.

Since f (x)/2 = 3ax + b, then x = 1/3[f (x)/f (x) –
b/a], provided f (x)  0.
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Thus,

(3)

Substituting (3) into (2) yields
f (x)/2a = f (x)/f (x)

(8)

Establishing the condition for convergence.
The fixed-point iteration (6) converges if in the
vicinity of the fixed point x of h, h(t) < 1, or
without any loss in generality, if at the fixed point
x,  h(x)< 1.

which holds only when f (x) – ½y2 f (x) = 0 and
y [f (x) – ay2] = 0

(7)

If r is the real root of (1), then r + (x + iy) + (x – iy)
= r + 2x = –b/a. Thus, in any stage of the iteration
process, the approximation to the real root of (1)
is

[f (x) – ½y f (x)] + y[f (x) – ay ]i = 0
2

(5)

Iteration functions for approximating complex roots

Since f (x)  – b2 – 3ac/3a > 0,

Thus, (B2 – 3AC)3/2 = 64a3 (b2 – 3ac)3/2.

1/f (x)  –3a/b2 – 3ac
1/af (x) < –3/b2 – 3ac
–2(b2 – 3ac)/af (x) < –3[–2(b2 – 3ac)]/b2 – 3ac
1/3[–5 –(b2 – 3ac)/af (x)] < 1/3
Consequently, h(x) = 1/3[–5 –2(b – 3ac)/af (x)]
< 1/3 and the fixed point iteration (6) converges
since h (x) < 1.
2

Similarly,
27A2D + 2B3 – 9ABC = 27(8a2)2 (bc – ad) +
2(8ab)3 – 9(8a2) (8ab) [2(ac + b2)]
= –64a3 (27a2d + 2b3 – 9abc)
Since a > 0, b2 – 3ac  0, and 27a2d + 2b3 –
9abc > 2(b2 – 3ac)3/2, then
27A2D + 2B3 – 9ABC = 64a327a2d +
2b3 – 9abc

> 64a3[2(b2 – 3ac)3/2]
= 2[64a3(b2 – 3ac)3/2]
= 2(B2 – 3AC)3/2

This result is stated in the following theorem:
Theorem: The fixed point iteration
xn+ 1 = h(xn) = 1/3[f (xn)/f (xn) – b/a], f (xn)  0
will converge to the real part x of the imaginary
root of the cubic polynomial equation f (t) =
at3 + bt2 + ct + d = 0 whenever b2 – 3ac < 0. In
addition, in any stage of the iteration process,
the approximations to the real root r and the
imaginary part y of the imaginary root are
given, respectively, by
rn = –2xn – b/a and yn = ± f (xn)/a.
In the previous theorem, the convergence of
the identified fixed-point iteration in finding the
complex roots is established based on the
condition b2 – 3ac < 0. In the case when b2 – 3ac
 0, convergence is guaranteed for another
iteration function which is shown next.
Newton-Raphson iteration. From (4), we have
½ f (x) f (x) – af (x) = 0. Define g(t) = ½
f (t) f (t) – af (t). Clearly, the real part x of the
imaginary root of f (t) = 0 is a real root of the
equation g (t) = 0. Now, g(t) = ½ f (t) f (t) –
af (t) = ½(3at2 + 2bt + c) (6at + 2b) – a(at3 + bt2 +
ct + d). Thus, g (t) = 8a2 t3 + 8abt2 + 2(ac + b2)t +
(bc – ad).
Let A = 8a2, B = 8ab, C = 2(ac + b2), and D = bc –
ad. If b2 – 3ac  0, then
B2 – 3AC = (8ab)2 – 3(8a2)[2(ac + b2)] = 16a2 (b2
– 3ac)  0

Consequently, the coefficients of g(t) satisfy (2).
Hence, g(t) = 0 has an imaginary root and its
only real root is the real part of the imaginary
root of f (t) = 0. From g(t) = ½ f (t) f (t) – af (t),
g(t) = ½[f (t) f (t) + f (t) f (t)] – af (t)
= ½[f (t)]2 + 2af (t)
Newton-Raphson iteration for the real root x of
g(t) = 0 is xn+1 = xn –g(xn)/g(xn), g(xn)  0,
n = 0,1,2,… or equivalently,
xn+1 = xn –

½f (xn) f (xn)–af (xn),
½[f (xn)]2 + 2af (xn)

provided,
½[f (xn)]2 + 2af (xn)  0
The approximations to the imaginary parts and
real root of f (t) = 0 corresponding to the iterates
generated by this iteration can be obtained
using (7) and (8), respectively.
Establishing the interval that contains the real
part of the imaginary root. In any typical
iteration procedure, the efficiency of an iteration
depends not only on the iteration function but
also on the starting approximation x0. It must be
taken from an interval that contains the desired
root. The interval containing the real part of an
imaginary root can be established based on the
graphs of f and the function g used in Newton-
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Raphson iteration. Being a cubic polynomial,
some properties of g can be obtained from the
properties of f. Since g(t) = At3 + Bt2 + Ct + D,
where A = 8a2, B = 8ab, C = 2(ac + b2), and D = bc
– ad, the local extrema of g, if there are any,
occur at
–B ± B2–3AC = –2b ± b2–3ac = b b2–3ac
– ±
3A
6a
3a 6a
and its point of inflection occurs at
t=

t=–

B
b
=– .
3A
3a

Consequently, the critical numbers of g are
always within the interval formed by the critical
numbers of f and their points of inflection occur
at the same number t = –b/3a. At their points of
inflection,

( 3ab ) = a (– 3ab ) + b(– 3ab ) + c(– 3ab )+ d
3

f –

=

2

27a2d + 2b3 – 9abc
27a2

and
g –

b
B
27A2D + 2B3 – 9ABC
=g –
=
3a
3A
27A2

or equivalently,

Clearly, the corresponding local extrema and
points of inflection of the graphs of f and g lie
on the opposite sides of the horizontal axis. From
the preceding section,
B2 – 3AC = (8ab)2 – 3(8a2)[2(ac + b2)]
= 16a2(b2 – 3ac)
Hence, if f is a monotone, then so is g and if f is
not, then so is g. In case f is a monotone, that is,
when b2 – 3ac < 0, the only real root x of g (t) = 0
must be greater than –b/3a if the point of
inflection of f is above the horizontal axis. This
root is less than –b/3a if the point of inflection
is below the horizontal axis. When the point of
inflection is on the horizontal axis, then x = –b/
3a provided f (–b/3a)  0. Based on Fig. below,
in case f is not a monotone, that is, when b2 –
3ac > 0, the point of inflection and local extrema
of f are on the same side of the horizontal axis.
On the interval formed by the critical numbers
of f, f (t) < 0. The real part x of the imaginary
root of f (t) = 0 cannot be contained in this
interval since from the previous part of this
chapter, it is necessary that f (x) > 0. Thus, the
graph of g must cross the horizontal axis at a
point to the right of the local minimum point of f
if the point of inflection of f is above the
horizontal axis. Similarly, the graph of g must

( 3ab )= –a 27a d +27a2b – 9abc = –af (– 3ab ).
2

g –

3

2

f (t)
g

Note the local extrema of f, if there are any, are
f
=

f

(–b ±3ab – 3ac)
2

27a2d + 2b3 – 9abc + 2(b2 – 3ac)3/2
.
27a2
–b– b2 – 3ac
3a

The local extrema of are,

O

–b+ b2 – 3ac
3a

t

( 3ab ± b –6a3ac)
2

g –
= –a

± 2(b – 3ac)
(27a d + 2b – 9abc
)
27a
–b + b – 3ac
= af (
)
3a
2

3

2

3/2

2

2
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Graphs of f and g having point of inflection and local
extrema on one side of the x-axis
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cross the horizontal axis at a point to the left of
the local maximum point of f if the point of
inflection of f is below the horizontal axis.
This generalization is stated in Theorem 2.

(– , –b – b3a– 3ac ) –b
( + b3a– 3ac , + .)
2

2

This is the interval that contains the real part x
and f is strictly increasing (or decreasing when
a < 0) over this interval.

Theorem 2
Let f (t) = at 3 + bt 2 + ct + d = 0, (a > 0), be a cubic
polynomial equation that has an imaginary root
x + iy.
i. If b2 – 3ac < 0, then x  –b/3a whenever f (–b/
3a)  0 and x < –b/3a whenever f (–b/3a) < 0.
ii. If b2 – 3ac > 0, then

( )
( )

–b + b2 – 3ac
b
whenever f –
>0
3a
3a
and
–b – b2 – 3ac
b
x<
whenever f –
< 0.
3a
3a
x>

FUTURE OUTLOOK
Future investigation maybe undertaken on the
functions used in this approach as to determine
how it can be modified and extended to cubic
polynomial equations with complex coefficients
in general. Since the function g used in NewtonRaphson iteration preserves the orientation of
the graph and the nature of the zeros of the
cubic polynomial f, it is also recommended that
its other properties be further explored
particularly in complex setting.
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